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Abstract
In the context of the AdS/CFT correspondence we discuss the gravity dual of a
heavy-ion-like collision in a strongly coupled N = 4 SYM gauge theory. We suggest a
setting in which two colliding walls are made of non-dynamical heavy quarks and anti-
quarks, which allows to treat the process in classical string approximation. Some string
have ends on two outgoing walls, and thus are being “stretched” along the collision axes.
We discuss motion in these strings in a considerable detail, concluding that they rapidly
become “rectangular” in τ−y coordinates, with a free-falling rapidity-independent cen-
tral part. Assuming that multiple stretching strings create a 3d stretching membrane,
we discuss motion of such membrane as well. We then argue that a complete solution
can be approximated by two different vacuum solutions of Einstein eqns, with matter
membrane separating them. We identify one of this solution with Janik-Peschanski
stretching black hole solution, and show that all objects approach its (retreating) hori-





It is well known that non-perturbative properties of the QCD vacuum phase – confinement
and chiral symmetry breaking – are absent above some critical temperature, where matter
is in the so called Quark-Gluon Plasma (QGP) phase. Although at high T one naturally
expects the QGP to be in a weakly coupled regime, it has been conjectured recently [1] that
at least at T = (1 − 2)Tc – known as RHIC domain – it is closer to a ’strongly coupled’
regime (sQGP). This conjecture had created a significant “paradigm shift” in the field, and
a number of research directions toward its understanding are now being actively developed.
Those can be classified according to methods they employ into (i) classical, (ii) quantum
and (iii) quantum field theory/string theory ones.
Classical strongly coupled electromagnetic plasmas can be as good liquids as sQGP,
and recently [2] they were generalized to Non-Abelian case and studied using Molecular
Dynamics: the results for viscosity and other transport coefficients were obtained using
Kubo formulae. Quantum mechanics of the quasiparticles is studied using lattice data on
quasiparticle masses and potentials: those reveal multiple bound states including “polymer
chains” q¯gg..gq or gluons [3], a prototype for QCD strings in a quasiparticle language.
We will not discuss those developments in this paper, which uses another tool to
address sQGP, the AdS/CFT correspondence [4] between the conformal (CFT) N=4 su-
persymmetric Yang-Mills theory at strong coupling and string theory in Anti-de-Sitter space
(AdS) in classical SUGRA regime in weak coupling. Via this correspondence one thus can
study properties of strongly coupled gauge theories, in terms of their weakly coupled gravity
duals. The equilibrium finite temperature problem using a black-hole background was dis-
cussed in [5]. This approach has provided results on bulk thermodynamics [6] and transport
coefficients [7] of strongly coupled plasmas. Also, the AdS/CFT provides phenomenologi-
cally reasonable results for high energy jet quenching and heavy quark diffusion [8, 9]. For
a recent brief summary see e.g. [10]: it is sufficient to mention here that all these results
seem to be in much better agreement with what is seen phenomenologically in heavy-ion
collisions at RHIC than their weak-coupling counterparts.
All these results are obtained using static Schwartzschild-AdS metric: its horizon
(located at fixed distance from the AdS boundary) generates a time-independent heat bath
with the time-independent temperature T . Although for a macroscopically large and slowly
expanding fireball this should be a good approximation, one may also wander what are the
deviations from it and how exactly the thermo and hydrodynamics become applicable in a
real-time expanding fireball in real collisions.
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Sin, Shuryak and Zahed [11] (SSZ below) suggested that a gravity dual for an ex-
panding/cooling fireball should be a solution with a horizon departing from the test brane.
A specific solution they discussed in the paper was a brane departing from a static black
hole, which generated a “spherical” solution (no dependence on all 3 spatial coordinates)
with a time-dependent T (which however is more appropriate for cosmology but not heavy
ion applications). SSZ also proposed other idealized settings, with d-dimensional stretch-
ing, corresponding for d=1 to a collision of two infinite thin walls and subsequent Bjorken
rapidity-independent expansion[20], with 2d and 3d corresponding to cylindrical and spher-
ical relativistic collapsing walls, but have not provide gravity solutions for them.
Janik and Peschanski[12] (below JP) have addressed the first (d=1,Bjorken) problem
and found an asymptotic (large time) solution for the “stretching” AdS-BH. As expected,
it indeed has a horizon moving away from the AdS boundary. A very important feature
of the JP solution is that while the horizon is stretching in one direction and contracting
in others, two effects compensate each other and keep the total horizon area constant. SSZ
conjectured that a gravity dual should have such a feature related to late-time entropy
conservation (a well known feature of hydrodynamical explosions), but (to our knowledge)
JP were first to related the horizon area to entropy outside static solutions. We will discuss
a bit more this solution and use it in section 3.1. Further discussion of the first subleading
terms correcting the JP solution has been made by Sin and Nakamura [13] (below SN) who
identified it with the viscosity effects.
SSZ outlined only in qualitative terms the “formation stage” of this horizon, while
addressing more quantitatively only the late “adiabatic cooling” stage. JP and SN have
not discussed the formation stage at all, adopting the “inverse logic” while looking for the
late time solutions to Einstein eqns without any matter which would generate a required
hydrodynamics at the AdS boundary.
The purpose of this paper is to start addressing the process as a whole, from formation
stage on . In it we study motion in AdS space of the objects produced in the collision, which
should establish the basis for a complete solution of a “gravitational collapse” problem, with
correctly coupled gravity and matter.
The idealizations we will use will be described in detail below, here we would like
only to outline the main idea of our approach.
One important point made by SSZ is that heavy ion collisions posses “some internal
high momentum scale”, usually called Qsaturation, related to high density of color charges









Figure 1: Schematic view of the collision setting. The classical heavy charges move along directions
x± and collide at the origin. String snapping leads to longitudinally stretched strings (wide black
line) which are also extended into the 5-th dimension toward the AdS center.
methodical problem in which energetic light quarks are substituted by heavy ones, with the
mass MQ of heavy fundamental quarks Q introduced into AdS/CFT via D7 brane. As soon
as MQ is at the scale of Qsaturation or less, it makes little dynamical difference: but in the
AdS/CFT language the heavy quarks are treated more easily as they are sources of classical
strings. (This simplifying feature has been well demonstrated recently in treatment of the
jet quenching [9] in which the progress is also reduced to heavy quark jets.)
These heavy quarks will have no dynamics of their own, moving along straight lines
x± = x1 ± vt (1)
with constant velocity v, both before and after the collisions, see Fig.1. If so, there is no
conventional gluonic radiation on the brane or gravitational radiation from them in the
bulk, as there is no acceleration.
The dynamical objects we will deal with in this setting are the classical strings, ending
at these heavy quarks but propagating in the bulk (for metrics changing from AdS to JP-like
one). We will study which solutions exist as a function of collision rapidity and whether they
are stable or not: we will conclude that at sufficiently large v > vc these strings basically
go into free fall toward the AdS center.
The next step is to consider not a single pair of charges and a single stretching
string, but two colliding “walls of matter”, containing multiple heavy quarks. For simplicity,
think of these two walls as CP mirror images of each other, made of colorless “dipoles”.
“Snapping” of their string at the collision leads to multiple strings, all of which being
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stretched longitudinally.
We then argue that many such strings combined could be considered as a thin singular
sheet of matter, referred to below as “membrane”#1 gravitationally collapsing under its own
weight. It has been shown by Israel [14] how a gravitational collapse of a thin layer of matter
can be described via two different discontinuous vacuum solutions of the Einstein equation
without matter (Tµν = 0). Self-consistency of the solution is then reached by fulfilling
covariant junction conditions, resulting in membrane equation of motion.
The issue of self-consistency will not be addressed in this work: we will discuss below
falling of various objects – closed and open strings, as well as 3+1 membranes – ignoring
for now the effect of their own weight on the metric. The proposed evolution of the system
is explained schematically in Fig2. Part (a) of it shows some snapshots of this surface, at
some early time and then at a later stage. The horizontal direction is the collision direction
x1 while the one along the circles represent any of the two other transverse directions x2, x3
(on which no dependence is expected). The radial direction on the picture is the 5-th AdS
radial direction, a distance from the AdS center. Since the “membrane” is being stretched
in x1 (linearly in time), it has to retreat in r and become a thinner cylinder, just as a
stretching soap film will do in a similar setting.
At this point we would like to emphasize a close analogy, as well as differences, with
the jet quenching problem. In order to describe a very complicated “conical flow” [15] of
matter, induced by a heavy charge moving in a strongly coupled plasma, one studied first
a much simpler object – a single falling string – governed by simple Nambu-Goto action
and the overall metric. The complicated picture of matter flow is then recovered [16] using
weak (linearized) gravity. In our case multiple strings form another singular object – the
membrane – which is also falling. However the metric in our problem should eventually
be not external but non-trivially affected by the membrane’s own weight. Furthermore, to
find out what an observer at the test brane would see, one cannot rely on linearized gravity
but has to solve Einstein equations in its full nonlinear form.
Needless to say, this is a very difficult task, amenable to analytic treatment only if
some drastic simplifications are made. A scenario outlined in Fig2(a) would have metric
dependent on 3 variables: time, longitudinal direction and the AdS radial one, t, x1, r. We
thus propose a further simplification of the problem: changing variables to proper time and
#1Note an important distinction between a membrane and a “true brane”: since the former has only
energy-momentum but lacks the RR charges and consequent Coulomb repulsion, it cannot “levitate” like











we would look for y-independent solutions, corresponding to purely cylindrical part of the
membrane in the middle of Fig2(a), ignoring the curved “fragmentation” regions. With only
two variables, τ, r one has a problem of similar level of complexity as the one addressed by
Israel#2, for a spherical gravitational collapse.
Further clarification of the proposed scenario is shown in Fig.2(b), displaying a tra-
jectory of the membrane r(τ). During the first stage of the process the “debris” of a collision
in a bulk – the closed and open strings – are accelerated by the AdS gravity and fall into the
5-th dimension till they reach the relativistic velocity v ≈ 1 (stage 2)). If there be only one
object falling, its gravity being negligible compared to overall gravity of the N branes at the
AdS center and they would simply continue their relativistic fall. However large number of
them have enough mass to create a horizon which suddenly slows down the membrane (as
a distance observer sees it#3 ): at stage 3 the membrane is trailing the receding horizon
(the dashed line).
If we would discuss pure AdS/CFT theory this would be the end of the story: but in
other more QCD-like setting one can have an additional potential which will stop membrane
because of existence of a stationary “deconfinement” horizon. If so, the system reaches a
“mixed phase” era with stationary horizon and fixed T , similar to static fireball discussed
by Aharoni et al [17] except that in our setting the longitudinal stretching continues.
The trajectory of the collapsing matter sheet should be such as to provide a consistent
solution to Einstein equations, combining the JP-like vacuum solution outside the falling
sheet, with the “stretching AdS” inside it.
The paper is structured as follows. In the next section we solve equation of motion
for different objects falling in AdS. We start with massless and massive closed strings in
subsection 2.1. Then we proceed to the so called scaling (factorisable) solution (used pre-
viously in connection to anomalous dimensions of “kinks”) in 2.2 and discuss limits for its
existence. We then find more general non-factorisable solutions in section 2.3 and find that
those basically becomes “rectangular” ones in τ − y coordinates, with a free-falling hori-
zontal part. We conclude this section with results for falling membranes. The next section
#2Except that in Israel’s problem of non-stretching black hole the horizon is stationary, while in our case
it is moving.
#3As usual for a gravitational collapse, in a co-moving frame the horizon is not important and is crossed,
which is not important for us to follow in this work.
6
retreating horizon
1 2 3 4
r
t
Figure 2: (a=upper) Two snapshot of the membrane shapes, at different time moments. See text for
explanation of the coordinates. (b=lower)Schematic view of the four periods in gravity dual solution
in which falling objects are (1) accelerated into the 5-th dimension z till they reach a relativistic
velocity v ≈ 1, then (2) continue their relativistic fall till (3) breaking near the retreating horizon.
starts with an introduction to the issue of “stretching black holes” in section 3.1, and con-
cludes with section 3.2 in which we show that all objects considered above are approaching
the (retreating) horizon in a very universal fashion. We conclude with some discussion and
outlook in section 4.
2 Objects falling in AdS5
The collisions creates a lot of “debris” in form of various excitations. Since we would like to
follow the collision in the bulk, we naturally have to think of them in terms of string theory.
Thus there are the following four types of objects: (i) massless closed string modes (e.g.
gravitons); (ii) massive closed string modes; (iii) open strings, with ends at the receding
walls; (iv) membranes. The “open string” category is naturally split into “mesons” with
both ends on the same wall, and “stretched strings”, with both ends attached to different
walls and moving in the opposite direction. As explained in the introduction, we will
consider a set of multiple strings copied many times in transverse dimensions x2, x3 as 3-d
membranes.
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2.1 Close strings falling in AdS5
As it is usually done in this kind of problems, the AdS radius is inverted, so that a coordinate
z = 1/r is used instead of it. The AdS boundary is thus at z = 0 and “falling” objects




(d~x2 − dt2 + dz2) +R2 dΩ25 (3)
where the last term, related to angles of O5 is of no importance in this work. Massless
particles move along the geodesics with zero interval ds2 = 0 which in the metric (3) simply
translates into a statement that they move with a speed 1 in all coordinates, including the
5-th one z.
Massive falling objects were already discussed in [11], but here we present it in a
different form, more closely resembling much more nontrivial ones in the next sections.
Using the coordinate time t one simply write down the interval as an action for a particle














Nonrelativistically, one can neglect z˙(t) and think thus about a motion in a logarithmic
potential well#4. Ultrarelativistically, one finds instead that as z˙(t) → 1 the acceleration
goes to zero, as needed. Thus, in the standard coordinates, very little seems to happen after
the particle reaches ultrarelativistic regime: it runs forever toward z → ∞ with speed of
light. But this is a (well known) illusion due to relativistic time slowing: in its own proper
time, the particle continue to accelerate and reaches the AdS center in finite proper time.
This EOM is easily integrated yielding
z(t) =
√
t2 + v0z0t+ z20 (6)
where z0 and v0 are the initial coordinate and velocity. The proper time the particle needs
to reach the AdS center
#4The reader may ask why we don’t refer to conserved energy, which will make this much simpler: the




ds = R(π/2 − arctanh v0√
1− v20
) (7)
Note if the point particle start from z0 = 0, it will automatically has the the speed
of light, which is due to the metric on the AdS boundary.
2.2 Falling open strings: the scaling solution
After this little warm-up, let us consider motion of the classical strings. Its action is that by
Nambu-Goto, and if one ignores two transverse coordinates x2, x3 and uses as two internal
coordinates the t, x (time and longitudinal coordinate) the string is described by by one
function of two variables z(x, t). The corresponding string action is then















Note that only one term, the time derivative, is different from long-used static action used


























)2] = 0 (9)
and the boundary conditions would be z = 0 at two rays x = ±vt, the world lines of the
heavy quarks.
We will now transform this equation into more suitable coordinates τ, y mentioned
above (2) instead of t, x. Note that τ is not changed under longitudinal Lorentz transfor-
mation, while the latter – the so called spacial rapidity – changes additively. Whatever the
velocity of the walls, the boundary conditions are now determined at fixed y = ±Y where
v = tanhY and Y is the rapidity of the heavy quarks (colliding walls). by doing so, we
transfer time dependence from the boundary conditions into the equations themselves. The
corresponding action is now



















Before solving the corresponding equation in full, we will first discuss “scaling” solu-






suggested by conformal properties of the theory. Such solutions were known in literature
[19], in Euclidean context, they were used for AdS/CFT calculation of the anomalous di-
mensions of “kinks” on the Wilson lines (of which our produced pair of charges is one).
The scaling ansatz leads to a simple action







f ′2 + f4 − f2 (12)
Using the fact that y does not appear in the action, there is a conserved “energy”
V√
f ′2 + V
= E (13)




V (V − E2)
E
(14)
Note that the function f decreases from infinity on the boundaries to its lowest value at
the middle of the string which we will call f0, so f > f0. At f = f0 the derivative vanishes,
so (14) provides also a simple equation f40 − f20 − E2 = 0 relating E to f0.
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2 f20 − 1

 (15)
where F and Π are elliptic integral of the first and the third kind. f20 depends on collision
rapidity Y = arctanh(v) via the boundary condition at f(Y ) =∞, as shown in Fig. 3.
The existence of a maximum means that there are no scaling solutions when the
rapidity Y is larger than some critical value, while if the quarks move on the boundary
slower that the critical rapidity, there are two solutions.
In order to characterize the solutions, it is useful to introduce “effective poten-
tial” for two separating quarks for each scaling solution, defined as instantaneous energy
U = ∆S/∆t, where ∆S is action given by the area of the string world sheet, ∆t is the time
interval. U needs to be regulated, which is obtained by subtracting the Wilson loop corre-













Figure 3: Rapidity of the collision Y = arctanh(v) vs f2
0
. The maximum gives a critical rapidity
yc. For y < yc, two f
2
0
are possible, corresponding two string configurations. For y = yc ,only one
f2
0
is possible. The region y > yc cannot be reached






























The second term corresponds to f ′ = ∞, precisely the straight string going in z
direction, which is AdS solution for a moving quark. Note that we have switched to τ ,y co-
ordinates, which does not change the form of the string action (12). With this prescription,
we calculated U for solutions in both branches, which are compared in Fig. 4. The solution
with the lower potential has a chance to be the stable one, while the higher potential one
(with large f0, or longer string) must be metastable.
Let us now comment on the small v limit of the scaling solution. At large separation
(realized at late time) the quarks can be considered as quasi-static. At small v, or large f20 ,
the effective potential can be simplified to the following form







































The coefficient in front (the leading term at v → 0) coincides with the well known coefficient
of static Maldacena potential.
The second term is thus the velocity-dependent “Ampere’s law” O(v2) correction
to it. We are not aware of any other previous calculation of this term, except for the
paper by Zahed and one of us [21] in which, based on resummation of ladder diagrams via
Bethe-Salpeter eqn, the result was that the velocity dependence is
U(v)/U(v = 0) =
√
1− ~v1~v2 ≈ 1 + .5v2 + ... (20)
It is close but not the same#5.
Both branches of the scaling solution was also confirmed by solving the equation
numerically, starting from the middle point and scanning all values of f0.
The applicability of the scaling solution for a particular Y depends of course not only
on availability of a solution, but also on its stability i.e. how does the scaling solution
evolve with time(τ), given some perturbation at initial time. Denoting scaling solution
gs(y) =
1
f(y) and perturbation as
z(τ, y) = τg(τ, y) g(τ, y) = gs(y) + δg(τ, y) (21)
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#5The situation in which two charges move in the same direction is just a Lorentz boosted static solution:















Figure 4: the potential V as a function of v for different branches of solution. circles for large-f2
0
branch, crosses for small-f2
0
branch V is plotted in unit of
√
g2 N/L The potential from the large
f2
0
branch is lower than that from small f2
0
branch
can be used by plugging (21) in (22), and keeping only term linear in δg(τ, y)(consider only


















δg(τ, y) = 0 (23)
with
A = g′′s g
2













F = g3s − gs
(24)


















δg(τ, y) = 0 (25)
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with
A˜ = A, B˜ = B − E, C˜ = C, D˜ = D, E˜ = E, F˜ = F (26)
(To make it easier to get all these functions one can approximate scaling solution gs(y) with
some parameterizations: we found that ( gsgs(0))
3 + ( yY )
n = 1 fits all the scaling solution very
well.)
We need to seek eigenfunction δg(τ, y) = eλτ˜ψ(y) satisfying (25) and boundary con-
dition ψ(y = ±Y ) = 0 In general, out of many eigenvalues λ we should be interested in
those with positive real part, which will allow us to conclude when the solution is unstable.













s + 1) + λ(gsg
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s − 3g3s) + 3g′′s g2s + 6gs − 4g3s − g′′s




Due to the symmetry y ↔ −y of the problem, we can solve it in the positive-y region,
with boundary condition ψ(Y ) = 0,ψ′(0) = 0. To solve this Schrodinger-like eqn, we use the
iterative method. Starting on one boundary with ψ′(0) = 0,ψ(0) = 1, the second condition
only affects the normalization of ψ(y). With some initial value of λ, we can obtain the ψ(Y )
from the EOM. then we variate the value such that ψ(Y ) converge to 0. The resulting λ
gives the eigenvalue. Without much difficulty, we found the following set of eigenvalue for
different Y , shown in Table.1. We also plot the eigenvalue λ in the complex plane Fig.5.
The evolution trend of this set of eigenvalues suggests that the transition from stable to
unstable occurs at Yc inside 0.22-.27 interval, which is way below the critical value Y ∼ .5
above which there were no scaling solutions at all. This shows that we essentially lose the
scaling solution to instability for Y > Yc: we were not able to tighten this limits any further.
In summary, the scaling solution exist only for sufficiently small rapidities Y <
Ymax ∼ 0.5. Furthermore, we were able to verify that it is classically unstable already
for Y > Yc ≈ 1/4. Therefore solutions other than the scaling one is need for large rapidity,
which is more important for our purpose.
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Table 1: one set of eigenvalue for different rapidity
λ(10−2) 4.2+94.8i 3.3+126.7i 2.8+157.5i 2.0+188.5i 1.2+222.1i 0.78+265.7i
Y 0.48 0.45 0.42 0.40 0.37 0.33
λ(10−2) 0.38+299.5i 0.12+346.4i -0.27+404.2i -0.63+492.9i -0.80+569.8i








Figure 5: The evolution of eigenvalue from Y=0.48 to 0.18 in the complex plane
2.3 Falling strings: the non-scaling solutions
In this section we study generic solutions outside the scaling ansatz. But before we do
so, let us explain qualitatively why such solution must fail as the rapidity of the collision
grows. The scaling solution, in which τ and y dependences factorize, means that one tries
to enforce a particular stable profile to a string. But as the rapidity gap 2Y between the
walls grows, we so-to-say try to build wider and wider “suspension bridge” out of the string:
it is going to break under its weight at some point.
We again use z(τ, y) = τg(τ, y) and EOM (22). The boundary condition is g(τ, y =
±Y ) = 0. Due to the symmetry of the problem, it is sufficient to solve the dynamics of half
of the string, with boundary condition g(τ, Y ) = 0 and ∂g∂y (τ, 0) = 0.
However there are two potential problems in (22). (i)the y derivative diverges on the
boundary. (ii)the PDE is highly nonlinear and will show self-focusing of energy at certain









Figure 6: The dynamics of the string(half) g(τ, y) with y = 0.6. The profiles from the innermost
to the outermost correspond to τ = 1(red solid),τ = 2(blue dashed),τ = 4(green dash-dotted),
τ = 8(black dotted).
#6, and to improve the performance of Maple PDE solver we used function h(τ, y) = g(τ, y)n
as dynamical variable, with properly chosen integer power n so that the y derivative is finite
on the boundary.
Fig.6 shows the dynamics of the string with Y = 0.6. We start from the initial
condition (g(1,y)0.88 )
3 + ( yY )
3 = 1 and ∂g∂τ (1, y) = 0. We chosen the initial time τ = 1 to avoid
the singularity at τ = 0. n = 6 is used in solving the PDE. As time grows, the string profile
approach a rectangular shape with sharper and sharper turn at the “corners”. Based on the
numerical solution, we infer that in the τ, y coordinates, any point of the string other than
the boundary will ultimately become free falling when time is sufficient large. This can be
supported by the following qualitative argument. Any tiny piece of string experiences the
AdS effective gravity and the drag from his neighbors. Since in the non-scaling solution,
the whole string keeps falling, it is natural to expect any point of the string approach the
speed of light asymptotically, end up with a rectangular profile. Therefore, we conclude the
edge of the profile is not important asymptotically. It can be well approximated by a flat
profile in y, which will be studied in the next section.
#6Similar problems have been encountered by previous studies of jet quenching, and another way to deal
with them, proposed in Hertzog et al[9], takes advantage of the re-parametrization invariance to fine tune
the performance of PDE solver.
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2.4 Falling strings and membranes in AdS5
The falling string can be considered as a solution at the center of the generic case considered
above in the large rapidity limit of the ends Y →∞. which makes z y-independent. Ignoring
all derivatives over y in the EOM above one gets an ODE problem with the following eqn:
−2 τ + z˙ z − z˙3z + τ z¨ z + 2 z˙2τ = 0 (28)
which is similar but not identical to that of a falling massive object (5): the difference
comes from dimensionality of the object: 1/z2 in the action (instead of 1/z), because the
string action is a 2-dimensional integral. It is now explicitly depending on τ : there is
no integral of motion but one can straightforwardly solve the EOM for different initial
conditions numerically. We found at large τ , g tends to 1. Therefore we show in this
extreme case that the asymptotic solution is z ∼ τ
Let us now proceed from a string to membrane, which is supposed to be made of
multiple strings. The coefficient in its DBI action, the membrane tension, is now propor-
tional to the density of charges in the colliding walls, and thus can be very large. This fact
would mean that the membrane should eventually be considered heavy enough, so that its
weight would affect the metric itself. Since in this work we would not attempt to solve this
problem yet, we treat the membrane as a test body falling in external AdS metric. In this
case the value of its tension does not matter, and the action is very similar to Nambu-Goto





1− ( ∂z∂τ )2
z4
(29)
Here we parametrize the membrane with τ ,y,x2,x3, and assume z-coordinate is a
function of τ only, z = z(τ). The EOM is readily obtained, it is similar to the y-independent
string case (coefficients 2 change to 4 in two terms):
z˙z − z˙3z + 4τ z˙2 + τ z¨z − 4τ = 0 (30)
Its asymptotic solution is again z ∼ τ .
3 Near-horizon “braking”
3.1 Stretching black holes
Before we address the issue of objects approaching the moving horizon, at the stage 3 in
Fig2, we should introduce the concept of stretching black holes itself.
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As we already mentioned in the Introduction, the concept was introduced by SSZ who
discussed three idealized settings with d-dimensional stretching, corresponding for d=1 to a
collision of two infinite thin walls and subsequent Bjorken rapidity-independent expansion,
with 2d and 3d corresponding to cylindrical and spherical relativistic collapsing walls.
The case d=1 thus corresponds to the coordinate x1 being eliminated in favor of the





). Although the solution to be searched for were
dependent on the proper time τ and z, gµν(τ, z), and independent on 3 others (y1, x2, x3),
the coordinate y1 remains different from two others because of the extra factor τ
2 in gy1y1
(see below). In the other two cases, one performs a similar change of metric x2 → y2 and
x3 → y3, respectively, changing all appropriate coordinates into the “stretching” ones.
The JP solution we will now discuss addresses the first case, d=1. The main feature





which simplifies Einstein’s eqns and leads to a solution. JP have found that only for one
particular power γ = 1/3 there is no singularity at the horizon in one of the invariants –
the square of the 4-index Riemann curvature, and argued that thus this solution should be
preferred on this ground.
However it is not clear what the physical meaning and significance of this singularity
may be, in general. Furthermore, in the “membrane scenario” proposed in this work the
JP-like metric only extends from the AdS boundary till the falling membrane, while the
would-be singularity is in the second domain, where this solution is not supposed to be used
at all. It is, so to say, a “mirage behind the mirror”, singular or not does not matter.
There is another reason why this particular power should be selected: only in γ = 1/3
case such that the total area of the horizon (3d object normal to time and z) is time
independent: the factor τ (from stretching y1) is canceled by the factor 1/z
3 from contracting
z. Thus, this stretching solution is area-preserving, and thus potentially dual to the entropy-
conserving adiabatically expanding fireball.







dτ2 + (1 + v4e0/3)(τ






The horizon determined from gττ (v) = 0 is at vh = (
3
e0
)1/4, thus it is moving away from
z = 0 (the AdS boundary) as needed. The 4-th power of v is related to the fact that its
expansion near z = 0 to the 4-th order is responsible to the stress tensor as observed on
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the brane, which was tuned to correspond to the Bjorken rapidity-independent solution of
ideal hydrodynamics [20]: the starting point for JP.
This metric provides an asymptotic (large τ) solution to the Einstein eqns
Rµν − (R/2)gµν − 6gµν = κTµν (33)
After this metric is substituted to the l.h.s. one finds that all terms of the “natural”
order of magnitude O(τ−2/3) cancel out, with only the higher order terms remaining. More
specifically, we found that only the terms Tµν ∼ 1/τ2 are present, with rather compact
expressions such as
τ2Tττ = − 4v
(3 + v)2
(34)
τ2Tzz = − 4v
2
(3 + v)(v − 3)2 (35)
τ2Tyy = (−4/9)v(4v
2 − 15v − 63)
(v − 3)3 (36)
Please note that those terms are not only subleading at large τ but also are much simpler
than all the terms which had canceled out. Also note that there is a significant singularity
at the horizon (v = 3 in these units) in this stress tensor, which is again irrelevant because
this metric is not supposed to be used there.
3.2 Objects approaching the horizon
Before we discuss the JP metric, let us remind the reader how this approach works in
the usual black holes with the Schwartzschild metric: it will be needed to emphasize the
difference between them.





)2 = (1− rh
r
)2 (37)
leading to exponentially fast “freezout”,
(r − rh) ∼ exp(−t/rh) (38)
The same is also true for other objects, of course.












Figure 7: trajectories of massless particles, with initial z coordinates: z(1)=0.1(red solid)
z(1)=0.5(blue dotted) z(1)=0.9(green dashed) The horizon is also plotted(black dash-dotted) for
comparison. The trajectories of the massless particles approach each other asymptotically, but does
not seem to approach the moving horizon.
z → c z, τ → c τ, y → y, x⊥ → c x⊥
with c = ( 3e0 )
3

































We have assumed that the particle always starts from outside the horizon: z < τ
1
3 This
EOM is solved numerically for different initial conditions.






















Note u → 1 as τ → ∞. Assuming the second term dominates the first term on the




2/3, which confirms our assumption. In










For massive particle, the action is given by S = m
∫
ds. Similarly we focus on the case
that particle moves in a trajectory with constant y and x⊥: EOM follows from variation on
action. Let z = τ1/3 f , then the function f needs to satisfy the following eqn:
−27 τ2f16f˙2 − 6 τ f17f˙ + 18 τ2f8f˙2 − 108 τ2f12f˙2 − 6 f14 + 4 f10 + 54 τ f5f˙
−54 τ f13f˙ + 12 τ f f˙ + 108 τ2f4f˙2 − 6 τ f9f˙ + 6 f6 − 3 f18 + 9 τ2f17f¨
+9 τ2f f¨ − 9 τ4/3 − 18 τ2f9f¨ − 126 τ4/3f12 + 9 τ4/3f20 + 27 τ4/3f16
−27 τ4/3f4 + 126 τ4/3f8 − f2 + 9 τ2f˙2 = 0 (44)
It is again solved numerically, with initial conditions satisfying z0 < τ
1/3










. Note that free falling massive object will move with speed of light asymptotically.
We expect (43) to be the asymptotic solution. By plugging (43) in (44), we get the RHS:
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3τ
−4/3, which tends to zero as τ grows
Furthermore, we compare numerical solution with the asymptotic solution in Fig.8.
The two solutions agree well at large τ . This confirms (43) is the correct asymptotic solution.
To study the falling string, we first parameterize the string by z = z(τ, y). Instead of
solving it this form. We recall our experience with non-scaling solution in AdS space. At
large enough τ , the edge of the string will be less important, with most part of the string
falling freely. Therefore we ignore the y dependence of z: z = z(τ)
The EOM follows from the Nambu-Goto action with the metric (39), for z = τ1/3 f ,
f needs to satisfy:
81 τ7/3f5f˙ − 9 τ f11f˙ − 4 f8 − 486 τ10/3f8f˙2 − 108 τ2f6f˙2 − 27 τ f3f˙
−f12 + 81 τ10/3f13f¨ − 324 τ10/3f12f˙2 + 81 τ10/3f f¨ + 243 τ7/3f f˙ − 81 τ10/3f9f¨
−81 τ7/3f13f˙ − 81 τ2f2f˙2 − 81 τ10/3f5f¨ − 108 τ3f5f˙3 − 243 τ7/3f9f˙ − 36 τ f7f˙


















Figure 8: trajectory of massive particles starting with τ = 1 at f = 0.8 and f˙ = 0.(solid curve)
The trajectory is indistinguishable from the asymptotic solution(dashed curve) at τ ∼ 10
+162 τ10/3 f˙2 + 27 τ4/3f2 + 9 τ4/3f10 − 9 τ4/3f6 − 27 τ4/3f14 + 648 τ10/3f4f˙2
−162 τ8/3 + 324 τ8/3f4 = 0 (45)
which is similar to the case of massive particle. We expect the same asymptotic solution




−2/3, which tends to zero as τ
grows. Fig.9 compares numerical solution with the asymptotic solution, which confirms it
is the correct asymptotic solution.
Now we proceed to our final case, amembrane falling in JPmetric. Let z(τ, y, x2, x3) =
τ1/3f(τ): the EOM is now quite lengthy
−18 f13τ7/3f˙ − 54 f6τ2f˙2 − 108 τ10/3 f˙2f12 − 162 f20τ10/3f˙2 + 2 f16 − 108 τ8/3
+f20 + 108 τ10/3 f˙2 − 9 τ f˙ f3 − 54 f5τ3f˙3 + 54 f14τ2f˙2 + 9 τ f˙ f19 − 2 f8
+108 τ8/3f16 − 3 τ4/3f6 + 30 τ4/3f14 − 9 τ4/3f18 − 6 τ4/3f10 − 216 τ8/3f20
−27 τ4/3f22 + 108 τ8/3f24 + 216 τ8/3f4 + 54 f13τ3f˙3 + 27 f18τ2f˙2 − 27 τ3f˙3f
−324 f16τ10/3f˙2 − 54 τ10/3f9f¨ − 18 τ7/3f9f˙ + 270 τ10/3 f˙2f4 − 54 f13τ10/3f¨
+27 τ10/3f21f¨ − 99 τ7/3f21f˙ + 117 τ7/3f˙ f + 27 τ10/3f¨ f + 117 f5τ7/3f˙
+27 f5τ10/3f¨ − 99 f17τ7/3f˙ + 27 f17τ10/3f¨ + 216 τ10/3 f˙2f8 − f4 − 18 τ f˙ f7


















Figure 9: string eom with initial condition τ = 1 at f = 0.8 and f˙ = 0(solid curve). The trajectory
is indistinguishable from the asymptotic solution(dashed curve) at τ ∼ 10
We have solved it with a number of initial conditions and found that all extra terms
are subleading near horizon, so this EOM gives the same asymptotic solution as the other





The numerical solutions are displayed in Fig.10, which confirm the asymptotic solu-
tion.
We found that in all cases studied – massless/massive particles, string and membranes
– their late time behavior can be approximated by the same asymptotic solution




)τ−2/3 + ...] (47)
4 Summary
This is the first paper of the series, devoted to quantitative formulation of the “gravity
dual” to high energy collisions of macroscopically large bodies (heavy ions). In it we have
formulated the setting in which the problem is simplified sufficiently to be solved.
Its central idea is that various “debries” from a collisions, in form of massless and
massive closed strings or “stretching” open strings, all fall toward the AdS center in a


















Figure 10: string eom with initial condition τ = 1 at f = 0.8 and f˙ = 0(red solid). The trajectory
is indistinguishable from the asymptotic solution(black dashed) at τ ∼ 10
statement in detail, both for initial time (when the underlying metric is supposed to be
close to AdS) and at the late times (when the metric is close to JP solution).
Therefore, we propose to treat all such “debris” as a single massive “membrane”,
falling under its own weight. As shown first by Israel [14] long ago, in such case one can
greatly simplify the gravitational aspect of the problem, using two different (even discontin-
uous) solutions of the Einstein equations inside both space-time domains, separated by the
hypersurface – the (history of) membrane. Two solutions then generate “junction condi-
tions” providing new EOM for the membrane itself. We will discuss those issues elsewhere.
Let us now point out few more specific results of this work. In the study of lon-
gitudinally stretched strings we have found that “scaling” solutions used previously for
determination of “kink”’s anomalous dimensions are not at all adequate in Minkowski time.
We found that while for wall rapidity Y > Ymax ≈ 1/2 these solutions are absent, and there
are two of them for smaller Y . We further studied stability of the solutions and have proven
that at least for Y > Yc ∼ 1/4 they indeed are unstable.
Our main finding for generic non-scaling solutions (which come from numerical so-
lutions of PDFs) is that while at small velocity of stretching there is the so called scaling
solution, generically at high stretching one gets instead asymptotic approach to a “rectan-
gular” solution, consisting basically of two near-vertical strings and freely falling horizontal
part.
24
Another result which was not expected is that although all types of objects – massless
and massive open strings as well as open strings and membranes – approach the JP horizon
in the same universal way, unlike in the textbook case of 4d Schwartzschild metric, this
approach does not happen exponentially, but only as a power τ−2/3. Note that this power
is the same as appears in subleading terms, ignored by JP at late time. It remains a
challenge to find an appropriate vacuum solution to Einstein equation complementing the
late-time JP metric.
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